Introduction
Throughout this paper, all rings are finite, associative, commutative with 1( 0). For a ring R, we denote by R × be the set of invertible elements of R, and J(R) the Jacobson radical of R. Let r, n, and p denote positive integers, p a prime, the residue class ring Z/p n Z of integers modulo p n with p prime and n > 1 and let GR(p n , r) denote the (unique up to isomorphism) Galois extension of degree r of the ring Z/p n Z of integers mod p n . To begin, let f ∈ (Z/pZ)[x] be a primitive irreducible polynomial of degree r. Then there is a unique monic polynomial f n ∈ (Z/p n Z) [x] of degree r such that f ≡ f n (mod p), and f n divides x p r −1 − 1 in (Z/pZ) [x] . Let ξ be a root of f n , so that ξ p r −1 = 1. The Galois ring GR(p n , r) is defined to be (Z/p n Z) [ξ] . Moreover, GR(p n , r) is local ring with J(GR(p n , r)) = (p) and the order of multiplicative subgroup Γ p (r) * := ξ of GR(p n , r) × is p r −1. The set Γ p (r) := Γ p (r) * ∪{0} is called Teichmüller set of GR(p n , r). The Galois ring GR(p n , r) depends only on p, n and r.
A ring R is a Galois-Eisenstein ring of parameters (p, n, r, e, s) if GR(p n , r) is the largest Galois ring contained in R and all ideals form the chain 1.1
Since J(GR(p n , r)) = (p), there exists an integer e such that (θ e ) = pR. The integer s the nilpotency index of J(R), the Jacobson radical of R, the integer e ramification index of R. According to the Theorem 17.5 of [4] , a GE-ring of parameters (p, n, r, e, s) is isomorphic to the ring
where u(x) :
is an associated Eisenstein polynomial to the GE-ring 1.2. W. Clark and J. Liang shown in Lemma 2. of [1] that when n > 1, an element θ in R is a root of an Eisenstein polynomial of degree e over GR(p n , r) if and only if J(R) = (θ). We say that a GE-ring of the form (1.2) is pure if u(x) = u 0 ∈ GR(p n , r) × . Clark and Liang shown in [1] that, if p ∤ e then pure GE-rings in the form (1.2) are pure and they enumerate all non-isomorphic pure GE-rings and when p | e, Clark and Liang shown in [1] that there are GE-rings which are not pure. Moreover, Xiang-Dong Hou in [2] gave the number of all nonisomorphic pure GE-rings, when n = 2 or p | e, p
2 ∤ e and (p −1) ∤ e. In this paper, the main goal is the determination all non-isomorphic pure GE-ring of parameters (p, n, r, e, s),
The paper is organized as follows. In Section 2, we review some basic facts about Galois rings and pure GE-rings of parameters (p, n, r, e, s) to be used in sequel. In Section 3, we determine all non-isomorphic pure GErings of parameters (p, n, r, e, s).
Preliminaries
Let R be a pure GE-ring of parameters (p, n, r, e, s). Let
The aim of this section is the determination of the integer ♭(e) ∈ {1; 2; · · · ; n} such that
2.1. Galois Rings. The theory of Galois Rings was firstly developed by W. Krull (1924) and the reader will find in the monograph [7] , more information about on Galois rings quoted. For this subsection, we gather the results on Galois rings allowing to determine the integer ♭(e). A finite local ring of characteristic p n is called Galois ring GR(p n , r) of characteristic p n of rank r, if its Jacobson radical is generated by p. It is obvious that GR(p n , 1) = Z/p n Z and GR(p, r) = GF(p r ), where GF(p r ) is the Galois field of the size p r . Let f n ∈ (Z/p n Z)[x] be a monic polynomial of degree r such that
is irreducible over Z/pZ and f n divides x p r −1 − 1(mod p n ). In [5] , an algorithm allows to compute the polynomial f n is given. Let ξ be a root of
and Γ p (r) * := ξ is the unique cyclic subgroup of order p r − 1 of multiplicative group GR(p n , r) × isomorphic to cyclic multiplicative group GF(p r ) * . The Teichmüller set Γ p (r) of GR(p n , r) forms a complete system of representatives modulo p in GR(p n , r). The following proposition gives the immediate proprieties of the Teichmüller set of the Galois ring GR(p n , r).
if and only if r devises r .
Example 1. The monic polynomials f := x
2 + x + 2 is irreducible over GF (3) . We denote by α the root of f. Then GF(3)(α) is the Galois field with 9 elements. Moreover, the monic polynomial
. We then construct the Galois ring GR(9, 2) and GR(9, 2) = (Z/9Z) [ξ] , where ξ 2 = 5ξ + 1. Thus the Teichmüller set of the Galois ring GR(9, 2) is
The following lemma gives the immediate proprieties of a complete residue system modulo p ℓ , where ℓ ∈ {0, 1, · · · , n}.
Lemma 2.1. Let ξ be a generator of Γ p (r) * and ℓ ∈ {0, 1, · · · , n}, we consider the set
and by convention, we adopt R r (0) :
We remark that
and for all ξ i ∈ Γ p (r),
Moreover, the groups Aut(GR(p n , r)) and {0; 1; · · · ; r − 1}, are isomorphic and for all j ∈ {0; 1; · · · ; r − 1},
Example 2. Consider the Galois ring
where ξ 2 = 5ξ + 1. Thus the Teichmüller set of the Galois ring GR(9, 2) is
The Galois group of of the ring GR(p n , r) is
The structure of group of invertible elements of GR(p n , r) is given by the following theorem. 
(2) if p = 2 and n ≥ 3, then
The Theorem 2.2 has as a consequence the following corollary and this corollary gives a simple expression of the subgroup (1 + pGR(p n , r)) 
(R).
The following theorem gives the structure of subset
of group of invertible elements GR(p n , r) × . This is the main result in this section.
Theorem 2.4. Let R be a pure Galois-Eisenstein ring of parameters (p, n, r, e, s)
such that s = (n − 1)e + t, 0 ≤ t ≤ e and (p − 1) ∤ e. Then there exists an integer ♭(e) ∈ {1; 2; · · · ; n} such that
where
and n = 2; min{ω + 1; n}, if t > e p and n = 2 or n 2,,
Proof 1. The size of the multiplicative group 1 + J(R) is a power of p, therefore
and ♭(e) = ♭(ω).
By Theorem 2.2 and Lemma 2.3.,
L e (R) = (Γ p (r) · (1 + J(R)) ·p ω ∩ Γ p (r) · (1 + pGR(p n , r) ,
It follows that
in according by Lemma 2.1., we have Γ p (r) * ·e = η . It suffices to determine the integer ♭(e) such that
We write
Let b be an integer and ε ∈ R × . On the one hand, suppose that b ≥ e. We have
we have
on the other hand, suppose that b < e, we develop the following expression (1 + θ b ε) p ω and we obtain:
ω , since l = jp i and p ∤ j;
where 
If (p − 1) ∤ e, then h(b, i) h(b, i + 1). Thus there exists a unique
ı ∈ {0; · · · ; ω − 1} such that h(b) = h(b, ı). Therefore, there exists ε b ∈ R × such that (1 + θ b ε) p ω = 1 + θ h(b) ε b + θ bp ω ε p ω .
This forces that h(b) ≥ s, and bp
. We obtain, 
where Γ 3 (2) * = ξ and ξ 2 = 5ξ + 1.
Main result
In this section, we determine the pure GE-rings of parameters (p, n, r, e, s). Note when n = 1, R = GF(p r )/(x e ). Such rings need no classification, so we will suppose that n ≥ 2. The isomorphism problem for pure GE-rings with given parameters (p, n, r, e, s) mentions by A. A. Nechaev in [6] and T. G. Gazaryan in [3] , shown that pure GE-rings GE(1) and GE(2) of parameters (3, 2, 1, 2, 3 ) are non-isomorphic rings with isomorphic additive and multiplicative groups.
Let ∼ be the equivalence relation defined on
where u, v ∈ GR(p n , r) × . Let σ be a generator of Aut(GR(p n , r)), and the multiplicative subgroup
where ∂(e) = min{∂(e); n − 1}. We write χ := ξ p r −1 d
* . The isomorphic GE-rings have the same parameters, but there are nonisomorphic GE-ring with the same parameters. The following example illustrates the isomorphism problem for the GE-rings. (2)), then there exists z ∈ GE(1) × such that θ = zδ. As
But J(GE(1)) J(GE(2)). Indeed, if J(GE(1)) = J(GE
It follows, z 2 = (a + θb) 2 = a 2 + 2θab. Therefore, the equation 3 = 6z 2 is equivalent to 3 = 6a 2 . Now, for all a ∈ (Z/9Z) × = {1; 2; 4; 5; 7; 8}, we have 6a 2 = 6. It is absurd. 
,
, where β = βv −1 . We have
By Theorem 2.4, there exists z
with θ e = pv and s = min{i ∈ N : θ i = 0}. Thus, J(GE(u)) = (δ) where δ := zθ.
We have δ e = pv and s = min{i ∈ N :
The following lemma gives a fundamental condition for non-isomorphic pure GE-rings.
Lemma 3.2.
For each u and v in U r (♭(e)). Then
for some i ∈ {0; 1; · · · ; r − 1}.
Proof 3. Let θ := x + (x e − pu ; x s ) be a generator of J(GE(u)). Then pure GE-rings GE(u) and GE(v) are isomorphic means by Lemma. 4 of [1] , the existence of (i; z) ∈ {0; 1; · · · ; r − 1} × GE(u)
× such that (θz) e = pσ i (v) and θ e = pu. Since uz e = σ i (v) and u, σ i (v) ∈ U r (♭(e)), we have z e ∈ 1 + p ♭(e) GR(p n , r). Therefore,
Let u ∈ U r (♭(e)), we write C(u) = {σ i (u) : i ∈ {0; 1; · · · ; r − 1}}, the Frobenius class of u and C r (♭(e)) a complete set of Frobenius representative of U r (♭(e)). Thus, the mapping GE allows to determine up to isomorphism all pure GE-rings. (3, 2, 1, 2, 3) . In according by Theorem Theorem 2.3, ♭(2) = 1. Then C 1 (1) = U 1 (1) = {1; 8}. (3, 2, 1, 2, 3) . Therefore, in the article [3] , the GE-rings r(1) et r(8) are only non-isomorphism pure GE-rings of parameters (3, 2, 1, 2, 3) . 
Example 5. Consider the pure GE-rings of parameters

By formula of Theorem 3.3, there are two non-isomorphism pure GE-rings of parameters
Conclusion
A pure Galois-Eisenstein ring of (p, n, r, e, s) is constructed from an element of the complete set of Frobenius representative of U r (♭(e)) and this construction are unique up to isomorphism. In general, the isomorphism problem for Galois-Eisenstein Rings stays open.
